Ordinary Differential Equations

 We call Ordinary Differential Equation (ODE) of n-
th order In the variable x, a relation of the kind:

dny dn—ly dy B
L (dac”’ d$n_1,...,%,y(x),x> =0

 where £ Is an operator. If it Is a linear operator, we
call the equation
otherwise non-linear differential equation.

* The existence and unigueness Cauchy theorem
ensures that the solution exists and is unigue, under
appropriate conditions, only in the case of linear
differential equations.



Ordinary Differential Equations

e |If £ Is linear, and its coefficients are constants with

respect to x, we call the equation: linear
differential equation with constant coefficients.

* Examples:

- 2-nd degree, linear ODE with constant coefficients:
d2
a—- ?; +5— +yy(x) =&

~ 1-st degree, linear ODE with non-constant
. _ g
coefficients: f) _y + g(x)y(x) = h(z)

dy

> Non-linear ODE: «a(x )d— + vy (x) =0



Ordinary Differential Equations

* Ordinary differential equations are mainly
distinguished into two categories:

> Initial value problems, where the equation is
represented by a single independent variable
(e.g. the time) which varies along a specific
direction;

> Boundary value problems, where the equation
IS solved for all values of the independent
variable bounded in a given domain (for
example, = € [a,b])



Ordinary Differential Equations

 Example of an initial value problem:
Newton’s law for a point moving along an axis

d*zx(t) 1
o EF(x,v,t)

 Here tr > 0 Is the independent variable, x(1) IS
the coordinate of the point along the axis,
namely the dependent variable, m Is the mass

of the point and F the sum of all the forces
acting on the point (which may depend, In turn,
on time, position and speed of the point).



Ordinary Differential Equations

 Example of boundary value problems:

Poisson’s equation for the electrostatic potential
generated by a spherical distribution of charges

V) =1pr) = R [PR] = L)
« Here 0 <r < o is the radius, the independent

variable, V(r) is the electrostatic potential,

the dependent variable, p(r) is a known
function representing the distribution of
charges and ¢ the dielectric constant.



Ordinary Differential Equations

* The actual difference between an initial value
problem and a boundary value problem is that
for the former we need to know two (or n, if the
equation is of n-th degree) initial conditions at

t = (), while for the latter we need two (or n)
boundary conditions which can be at one or
both boundaries!

 This makes no difference in the mathematical
solution of the equation, but make indeed a
big difference in the numerical solution, as
we will see In next slides.



Ordinary Differential Equations

* One has to notice that y(x) Is a continuous

function of the independent variable x, whilst

computers deal with a discrete subset of the
real set. Therefore a numerical solution must
Involve some discretization of the continuous
function y(x), representing the solution of the

ODE!

* |n order to solve an ODE numerically, one has
to take the following fundamental steps:



Ordinary Differential Equations

1) Limit the independent variable x to a well-

defined, finite, interval. For instance, for a IVP:
t € [O, Tend] or, fora BVP: z € [xmina xmax]

2) Discretize the given interval (e. g. the second)
with a finite number N of grid-points x;:

Lmax — Lmin
h =

p— min .h, th .:()7"'7N7;
Tj = Tmin + Jh, With: j N

3) Finally, find a method to approximate in a
discrete form the derivatives of the unknown

function y(x).



Ordinary Differential Equations

* Concerning the latter, we distinguish several
methods. We will study just two:

» Finite difference methods (FDM);
» Spectral methods (SM).

* We start with the first one, and we will study
the second one later, only in connection with
some special kind of boundary conditions.



Finite Differences schemes

* The idea behind the FDM is to approximate the
value of a derivative of the unknown function y(x)

In a generic discrete point x; with a linear
combination of the y(x) function itself in points near
o x;:

dny(x) ‘|‘]2 .
i |, ::Z aiy(@j+i) + E(MP)

The coefficients a, are suitably chosen coefficients
In such a way that the derivative Is approximated
with an error £. p Is the precision of the scheme.



Finite Differences schemes

 \We notice that:

> If j,=j, we call the scheme symmetric,
asymmetric Iin the opposite case;

» The precision p depends on j, and j,: the
higher they are, the higher is p;

» The coefficients g; are determined by using the

Taylor development of the function y(x) in the
points near to x;:



Finite Differences schemes

dy Cy| (e —x))°
y(wjas) = ylog) + - N (@jai —25) + 3 N o +
d> Tit;—Xi) d" Tit; — Ti)"
dx3 v 3! dxm v n!

* For instance, for the first derivative (n=1), with
j,=0, j,=1, we have:
dy

Lj

]’L2
+ a1 {y(w» +y'(x)h +y" (25) = +Oh°)| + &

2
where: i = x;,;, — x;.



Finite Differences schemes

* By re-arranging the terms:

dy
dx

h2
= (ap + a1)y(z;) + a1y’ (z;)h + aly”(xj)7+

Lj

+ &1O(h3) + E

e |f this relation Is to be valid, we need that:

1
al—ﬁ
2

& = —ary(1,)f —a,0(h) = —y/'(z;) & + O(h?)

{ao+a10 = ap = —aq
2



Finite Differences schemes

* Therefore, we get an asymmetric scheme for
the first derivative as:

dy
dx

y(Tit1) — y(z;) £

h

where the error is proportional to %, so that p=1!

* In the same way, we can write a scheme by
using: j,=-1, j,=0, which yields:

dy

7 — a_ly(xj_l) —+ aoy(xj) +& =a_1 [y($3)+

]’L2
—y’(xj)hﬂLy"(ﬂ?j)? + O(R?)| + aoy(z;) + &



Finite Differences schemes

Where we put: x; ;-x; = -h.

* Again, by re-arranging the formula:
dy
dx v,

h2
= (a—1 + GO)y(J;J) — a1y (a:])h + G 1?J (x]) 9 T

‘|—CL_1O(h3) —l—g
{al +ag =0 = ap = —Qa_1

1

aA_1 = %

& = —a1y(0) — a10(h%) = y'(z,)s + O(h?)
 Thatis: dy

ayl y(z;) —yz;—1) £
dx .,

h




Finite Differences schemes

* Also In this case, the error Is proportional to /4, so that
the precision is: p=1!

* We can improve the precision by considering
additional points, for instance by using the symmetric

scheme with: j,=-1, j,=+1.

* |n this case we have:
dy
dx

= a—1y(xj-1) + aoy(r;) + a1y(zj1) + & =

Lj

= a_1 [y(xj) — y’(:cj)h —+ y”(xj)% — y’"(:cj)% -+ O(h4)] + aoy(xj)Jr

h? h?

Far |yles) o (eh+ (@) + 0" () + O +8



Finite Differences schemes

* This formula may be put under the form:

d
ﬁ = (a—1+ao + a1)y(z;) + (—a—1 + a1)y'(z;)h+
!/ h2 1444 hB
+ (a—1 +a1)y (:@)7 +(—a-1+a1)y (%)ng
+ (—a—1 +a1)O(h*) + &
that Is:
fCL_1—|—CL()—|—CL1:O — alzﬁ
—a_1—|—a,1:% = a_lz—alz—%
\
a_1+a; =0 = ag = 0
&= —(—a_1 +a)y" (x) — (a_1 + a1)O(hY) = ="' () + O(h?)




Finite Differences schemes

 The final formula for the first derivative Is:

dy| _ y(zjy1) —y(@j—1) c
dz |, 2h |

where this time the error iIs proportional to /2,
that Is this Is a second order scheme (p=2)!

* |In the same way, it is possible to have higher
order schemes. For instance:

dy| y(@j—2) = 8y(xj—1) + y(z;) + 8y(zjt1) — y(xjt2) +O(hY)

dx z; 12h



Finite Differences schemes

* With the same technique one can find a
centered formula for the second derivative

(n:2’ j1=']’ j2:+]):

d
d_z =a_1y(x;—1) +aoy(x;) + ary(zjy1) + &€ =
J h? h3 h
— [yl — o e h o+ o )y = o) gy Y () 00| 4
-+ aoy(:vj)—i—
h2 h3 h4
+ az {y(wj) +y'(@)h +y"(x) 5 + y’”(aﬁj)g + yIV(xj)Z + 0(h4)] +& =
h2
= (a—1 + ap + a1)y(z;) + (—a—1 + a1)y' (z;)h + (a—1 + al)y”(a:j)7+

7/ h3 h4
+(—a1 +a)y" ()= + (e + ey ()57 + (aa +a)O(R) + €



Finite Differences schemes

* This gives the relations:

(a1 t+ata=0 = ap = —(a—1+a1) = =5z

—a_1+a1=0 = a_1=

<a_1+a1:% = a1 = 3

E=—(—a1+a)y" ()% — (a1 +an)y"V () b5+
—|—(a_1 + al)O(h5) — —yIV fg)hi + O(hg)

\

that gives a second order approximation for the
second derivative:
y | _ylai-1) = 2y(z)) +y(@je) O(h?)

dz2| h2

L j




Initial value problems

* Now that we have an idea about how to
compute a suitable approximation for a generic
derivative depending on the values of the
function in the nearest points, we can afford the
problem of solving an Initial Value Problem
(IVP). Later on, we will see how to solve a
Boundary Value Problem (BVP).

e | et us first consider an IVP, first order ODE:
dy

with the following initial condition: y(1=0)=y,.



Initial value problems

» Let us now fix a limited integration interval, for
Instance: ¢ € [0, Tong]

and divide that interval in N equally spaced
intervals, thus identifying N+ discrete points In
time:

Ten
t, = nh, with: n=0,...,N, h= d

N

* \WWe can now write the equation on a generic
discrete point in time ¢,

dy
7, = F nsbn
it|,_, (Ynstn)



Initial value problems

 Now we can write an approximation for the
derivative In ¢, with a Finite Difference Scheme

In the form:
k

= Y ay(tnyy) +E =

tn ]:—m

dy
dt

— -’r(yn—ma Yn—m+1y- - Yntk—1, yn+k) ™ &

where we write: y, instead of y(z, ) to lighten the
notation.



>

Initial value problems

That Is, a one-step scheme Is a relation that
iInvolves only quantities at » and n+1/ time steps.

As obvious, a multi-step scheme Iinvolves
more time steps.

Some terminology:

@ |s called increment function:
If =D (t,y F  h)the scheme is said explicit;

If & depends alsoonzt,, v,., F,.  the scheme
IS said implicit.



Initial value problems

> The quantity t,,,(h) Is called local truncation

error (LTE) and represents the error that Is
made In the evaluation of the solution at each
time step.

> The quantity max|7,1.| is called global
truncation error (GTE).

- If .. ,(h) = O(K’) we say that the scheme has
order p.



Initial value problems

* We then get the relation:
dy
E — F(yn—ma Yn—m+1y- -y Yn+k—1, yn—l—k) + & = F(yna tn)

tn

that I1s called numerical scheme.

e |f the numerical scheme can be written in the
form:

Yn+1 = Yn + hq)(tna Yn Fn) tn—l—la Yn+1, Fn—l—l; h) + th‘l—l(h)

we have a one-step scheme,; If not, we have a
multi-step scheme.



Initial value problems

* Properties of a numerical scheme:

> We call a scheme consistent when, in the limit for
h tending to zero, the scheme reproduces the
original equation.

That Is:
n T Yn d
lim Yl " Yn _ &Y

h—0 h - dt f

— F(ynvtn) —
tn

= lim q)(tna Yn, F’na tn—l—la Yn+1, Fn—l—l; h) + lim 7-n—|—1(h) =
h—0 h—0

hmq)(tnv Yn, an tn—|—17 Yn+1, Fn—l—l; h) — F(yn7 tn)
— h—0

lim7,+1(h) =0, namely: p>0

h—0



Initial value problems

* Properties of a numerical scheme:

> We call a scheme convergent when, in the limit for
h tending to zero, the numerical solution tends to
the exact solution.

Thatis: lim y(t,) = Yex(tn)
h—0

> We call a scheme stable if z,_,(h) remains finite for
Increasing n-S.

That Is:
|Tn_|_1(h)| < O, Vn



Initial value problems

* The latter means that, depending on the value
of i, the local truncation errors may become

larger and larger with increasing n.

* Notice that convergence property may be
hardly satisfied when, that is in all practical
cases, the solution of the equation is
unknown!

* This difficulty Is partially overcome thanks to
Lax equivalence theorem, that is the most
important theorem of FDM.



Initial value problems

* Lax equivalence theorem:

A numerical scheme for a linear differential equation is
convergent if and only If it Is consistent and stable.

* The problem is now how to ensure the
stability of a numerical scheme.

 Von Neumann stability criterion:

d
Given an ODE in the form: d—i = L(y, 1)

where L is a linear operator, and given a one-step
numerical scheme, this is stable If:

Yn+1
A(h) =
() Un

<1




Initial value problems

 This means that the scheme Is stable If one
can find some value of /# such that the Von

Neumann’s stabllity criterion Is satisfied.

 Notice that:

1)The criterion is a necessary condition, but
not sufficient. This means that if the
condition Is satisfied, the scheme is stable,

but there may exist values of 4 for which the
conditions Is not satisfied but the scheme Is
stable as well!




Initial value problems

 Notice that:

2)The stability, as well as the convergence
depends not only on the scheme but also on
the equation. That is, a scheme can be stable
for an equation and unstable for another one.

3)The ODE must be linear, for the Theorem to be
valid! However, In practical cases, if a scheme
Is stable for the linearized version of the
equation then it is often stable also for the
non-linear equation. This is not true all the
times, unfortunately, but it works many times!




Euler's schemes

* Example:

We can produce a simple numerical scheme by
approximating the first derivative with a scheme
INn which m=0, k=1

dy Yn+1 — Yn
1. — FE=F nstn
//h 2
where: &= —y,— + O(h*)

92
e The scheme can be rewritten as:

Yn+1 = Yn T+ hF(yna tn) — h&



Euler’'s schemes

* That Is a one-step scheme, provided that:

< (I)(tnaynaFnatn—l—layn—l—laFn—l—l;h) — F(ynatn)
r(h) = € = g1 + O(h)

that means that:

1) The scheme is explicit (@ does not depend
on quantities at 7, ,);

2) Itis a first order scheme, since p=1I,;

3) The scheme Is consistent, since the two
conditions are automatically satisfied!



Euler’'s schemes

 This is the so-called Forward Euler’s scheme.




Euler’'s schemes

* Let us study briefly the convergence and
stability properties of the scheme.

* To do this, we have to apply the scheme to some
eqguation. As an example to start with, let us
consider an ODE with constant coefficients.

* |n this case, only two types of solutions are
allowed: exponentially increasing or
decreasing functions and oscillating
functions.

 Let us start with the first case (exponential
solutions).



Euler's schemes

* Let us consider the differential equation:

dy _

=k
at Y

with initial condition: y(1=0) = y,.

* The analytical solution of this equation is an

exponential function:
y(t) = yoe™

as It Is easily shown by substituting the solution
Into the equation.



Euler's schemes

* |In fact, given the solution, we have:

d d
d—i ~ (yoekt) = kyoe™ = ky

that is the original equation. Therefore, the
solution satisfies identically the equation.

* By using the Forward Euler’'s Scheme, after
discretization of the integration interval [0,T,,.],

we have:
YUn+1 = Yn + hF(ynatn) = Yn T hk Yn = yn(l + hk)



Euler's schemes

* This means the numerical solution is given by:

y1 = yo(L + kh) for t =1
yo = yi (1 + kh) = yo(1 + kh)? for ¢ = 1
ys = yo(1 + kh) = yo(1 + kh)° for ¢ =13
Yn = Yn—1(1 + kh) = yo(1 + kh)" for t = t,

while the exact solution at the generic r=¢, IS:

Yex (t = tn) = yoe™'™



Euler's schemes

e We can now show that the scheme Is indeed
convergent, namely that:

}lll_% Yn = Yex (tn)

e |n fact:

lim yp, = lim yo(1 + kh)" = yo lim (1 + kh)

Kty
= yo lim (1 4 kh) Kt/ (FR) — 0 {lim (1+ kh)ﬁ}
h—0 h—0

where we used the fact that:

t., =nh = —t—"—kﬁ
n =N " T kR



Euler’'s schemes

* By remembering that:

1
T

lim (1 + x)

x—0

— €

we finally have:

kt,,
1
1. n — 1 1 k‘h kh — ktn = Yeox tn
lim y, = o Lli%( + kh) } Yoe Yex (tn)

that Is, the scheme Is convergent.
e et us see whether it is stable.



Euler's schemes

« The schemeis: yn+1 = yn(1 + kh)

 The Von Neumann criterion tells us that, in
order to be stable, 2 must satisfy the relation:

An) =2 <1 = [14kR[ <1 =
Yn
:><(1+kh§1 = kh<0 = k<0
—1<1+kh = -kh<2 = hg%

where we used the fact that, since: £ <0
we can pose. k= —|k|



Euler’'s schemes

* Therefore, the scheme is stable only if k < 0
and i < 2/1kl. This means that:

> the equation Is numerically solvable only if
the constant k is negative, that is only when
the solution is exponentially decreasing;

> Even for negative k-s, there Is a limit on the

maximum time-step allowed during the
numerical solution of the ODE, depending on

the value of k.



Euler’'s schemes

* |t Is interesting to notice the following things:

1) Although solutions with £ > 0 are of course
mathematically correct, they are typically
not physically meaningful, since a physical
guantity which increases exponentially is not

existing!
2) Let us suppose that k < 0. The solution of
the equation is: y(t) = yoe™ *I* = yoe /7

where 7= 1/lkl I1s called characteristic time
of the solution.



Euler’'s schemes

 The meaning of 7 Is that, after r = ¢ the solution
has decreased of a factor about 1/3:

y(T) = yoe T = yoe ! ~ 0.36 o

with respect it initial value.

* The stability condition coming from the Von
Neumann'’s criterion thus becomes:

h <21

that is, the time step must be smaller than,
except for a given factor, the characteristic
time of the phenomenon!



Euler's schemes

* Let us try what happens if we use another
approximation for the first derivative, with m=-1,

k=00 dy| _ yn —yn
—| ==+ &=F(yn,tn
it |, ; (Un» tn)

)
where: £ =y - 5 T O(h?)

 |If we multiply by 4 both sides, rearrange the
terms and we pass from the step » to n+I.

Yn+1 = Yn T hF(yn—l—la n—l—l) h&




Euler’'s schemes

* That Is a one-step scheme, provided that:

< (I)(tnaynaFnatn—l—layn—l—laFn—l—l; h) — F(yn—l—latn—I—l)
| Tnt1(h) = =€ =~y 5 + O(h?)

that means that:

1) The scheme is implicit (¢ does depend on
guantities at ¢ ,);

2) Itis a first order scheme, since p=1,

3) The scheme is consistent, since the two
conditions are automatically satisfied (when #
tends to zero, F(y,11,tni1) — F(yn,tn))!



Euler’'s schemes

 This is the so-called Backward Euler’s
scheme:;

() T



Euler's schemes

* Let us study again the convergence and
stability of the scheme when applied to the

equation: w_,
at Y

with the initial condition: y(t=0)=y,.

* |n this case, the scheme reads:

Yn+1 = Yn T hF(yn+1a tn-l—l) = Yn + hEkYyp41 =

Yns1 = —
LT hk

=



Euler’'s schemes

e The numerical solution Is then:

Yo _
yl_l—kh for t =t
Y1 Yo
PTT kR T (1 - kh)? rT R
Y2 Yo
BTT1"kh ~ (1—kh)3 rT s

1—kh  (L—kh)"



Euler's schemes

* To show the convergence of the scheme, we
have to compute:

im y, = | 1 — kh)™™ = yo lim (1 — kh)™™"
lim y,, = lim yo(1 — kh) yo lim (1 — k)

—kt,,
_ ~ _ (—ktn)/(kh) _ lim (1 — wh —
Yo %g%(l kh) Yo {hli%( kh) kh:|

kt

= Yo [6_1}_ktn = Yo" " = Yex(tn)

p— 6_1

8|~

where we used the fact that: };1_% (1—x)
* That Is, the scheme Is convergent!



Euler’'s schemes

e et us see whether it is stable.
 For the Von Neumann’s criterion:

Yn+1 1
A(h) = <1 = <1l =
() Yn | ‘1—/~ch|_
( 1
<1 0< —kh k<0
T=kh — S - RS
= {-1< = —-14+kh<1 =

= —|k|h <2 always satisfied!

that is the scheme Is unconditionally stable,
whatever value of 4 we choose!




Euler’'s schemes

* This is a general property of implicit schemes:

Implicit schemes are, generally, more stable
than explicit schemes!

 However, generally, they are also much more
difficult to implement for non-linear equations!

* For instance, the non-linear equation: d_?z = ksin(y)

can be solved numerically with the Backward
Euler scheme as: yn+1 = yn + hksin(yn41)

Finding y,., requires the solution of a non-linear,
algebraic equation!



Runge-Kutta scheme

* We can improve the precision of the numerical
scheme, by keeping into account that, for
Instance, the FD central scheme:

@Q_ ___y($j+1)“y($j—1)Jé;

dx . 2h

with an error: & x h?

* \We can build a one-step scheme by taking an
Intermediate point #*, which is the midpoint

between ¢, and ¢, , ..



Runge-Kutta scheme

* This Is equivalent to consider:

Tj—1 = tn
Tj+1 = tnt1
* tn =+ tn—l—l h
aj.] mn 2 _I_ 2
h
h — 5
that I1s, the scheme becomes:
dy Yn+1 — YUn
— | = -FE =F(y,t:
it | ; (Yn>th)

= Yn+1 = Yn + hE (Y, 1) — AE



Runge-Kutta scheme

* |n order this to be useful we have to find a way
to compute y*, and ¢*,. We can use a Forward

Euler’'s scheme over a time-step 4/2, to
compute this:

. h
Yn = Yn T §F(ynatn)

 Thatis, the final scheme is:

v =Yp + L2F(yn,tn)

\
Unt1 = Yn T+ hF(yr.t7) — hE where: t7 =1, + h

2



Runge-Kutta scheme

* Finally the scheme can be rewritten as:

h h
Yn+1 = Yn + hF (?/n + §F(ynatn)atn + §> — h&

which is indeed an explicit, one-step scheme, because:

h

(I)<yn7tn7Fn7yn+17tn—|—17Fn+1;h) = F <yn anat’n

Tn+1 (h) = —g

Before concluding this is a second order scheme,

however we have to show that £ ~ h? , because the
first half-step with the Euler scheme may decrease the

precision!

2)



Runge-Kutta scheme

‘0 show this, we re-write the two equations of
ne scheme by substituting the derivative of y to

ne RHS F(y,t), from the equation:

h h dy
= n —F natn — Yn ~ 1,
Yn = Yn + 5 F(Yn: tn) y+2dttn
- dy
ynﬂ—yn—l—hF(yn,tn)—hé’:yn—l—hE — h&é =
tr
d|  hdy
—qy, + h— |y, + = =2 _ hE =
bn RG], | T
2 72
:ynihdyn% h dyn—hg



Runge-Kutta scheme

* By comparing this relation with the Taylor’s
expansion of y_ ., as a function of y,:

dyn | h? &Py, B Ay,

n :nlh | | I0h4
Int1 =4 dt 2l a2 3l aes (W)

we deduce that:
h2 dSyn

T

- O(h?)

namely the scheme Is a second order scheme

(p=2)!



Runge-Kutta scheme

* This Is the so-called, second order Runge-
Kutta scheme:




Runge-Kutta scheme

 From this, we deduce that the scheme iIs
consistent, In fact:

h h
im ® = lim F (y, + =, t, + = | = F(y,. t,
fim @ =t F (o + 3000+ 5) = Flomtn)

and: lim 7,41 (h) = -€=0
h—0

* To analyze the convergence and stability
properties, we have to apply it to, for instance,
the usual equation...



Runge-Kutta scheme

* By considering the equation:

dy
A
at Y

the second-order Runge-Kutta scheme reads:

h h
= n T —F n;tn — Yn —k n
Yn = Yn + 5 EWnitn) = yn + Sky
Yn+1 = Yn T hF(y;;at:;,):yn_Fhky;:

h h2k?
:yn+hk<yn+§kyn>:yn <1+hk - 5 )




Runge-Kutta scheme

 Therefore, the scheme can be written as:

h2 k>

Y1 = Yo (1—|—kh—|—T> for t = t4
h2k? 2k \

y2:y1<1‘|‘kh‘|‘7):y0(1‘|‘kh—|—7> for t = t5
h2]€2 h2k2 3

R <1+kh+T> = 4o (1+kh+—2 > for t = t3



Runge-Kutta scheme

* The convergence is trivially proven when
considering that:

h2E2\ "
}lbgr%)y()(l—l—hk. 5 > %}lbli%yo(l—l—hk)

which is the same term appearing in the
Forward Euler scheme, that is convergent, as
we already showed!

» Concerning the stability, the Von Neumann’s
criterion gives:

A(h) =

Yn+1 h?k?

Yn

<1

|1+ kn-




Runge-Kutta scheme

* This Is equivalent to the system:

h?k? hk
h?k? h?k?
—1 <1+ hk+ 5 = : Fhk+22>0

* The first equation has a solution:
hk <0 = k<0

2

1+%§20 = 12é§l:¢ h < —

whilst the opposite case has no solution!



Runge-Kutta scheme

* The second inequality corresponds to:
h2k* 4+ 2hk +4>0

and, posing x=hk, can be re-written as:
> +2x+4>0

which Is always satisfied, since the solutions:
—24+/4—-16
2 .
are always complex, that is the parabola has no

Interception with the x axis and lies in the upper
part of the Cartesian plane (y>0).

€T —



Runge-Kutta scheme

* Finally, the stabllity criterion gives:

2
E<0; h<—
k|

that is identical to the stability condition for the
Forward Euler’s scheme!

e The lesson we learnt so far:

> Explicit schemes have more or less all the same
stability conditions;

> If we want more stability, we should use implicit
schemes;

> Runge-Kutta has however a superior precision, although
it requires two evaluations of the RHS of the equation!



Higher order ODES

* Till now, we studied the case of a single first
order equation.

e |t Is possible to show that any n-degree ODE

can be cast into the form of a system of n first-

order equations. For instance, an ODE like:

00TVt oD 4+ a0+ an(tylt) = A

with initial conditions:

dy dn—ly

y(t = 0) = yo; at|,_ T | T e




Higher order ODES

* |t can be put into the form:

dy

LA ¢

)
d’y  duv
_— = — = t
rroi 0
d>y _ dvg

i T O

din—1 — dt — vn—l(t)
dUn_l 1
= — )V, —
dt Oz()( ) [041( )U 1(t) - -



Higher order ODES

 Which are a system of » first-order ODE with the
following # Initial conditions:

Yyt =0)=yo; vi(t=0)=y1; ... ;Vp-1(t=0)=yp-1

* Notice that, although this was shown in the special
case above of a linear equation with non constant
coefficients, this is valid for any differential
equation.

* Therefore, the schemes we have just studied can be
applied to each equation of the system, thus finding

the solution for all the unknowns y, v, v,, ..., v_,.



Harmonic oscillator

» Second example: an ODE with oscillating
solutions, the harmonic oscillator.

Y

mg




Harmonic oscillator

* Since both k£ and m are both positive constants,
we may assume:

and the equation describing the motion of the

body attached to the spring Is:
d*x(t) 2

— —WwW X

e ()

 This Is the so-called harmonic oscillator
equations, which is a second order, linear, ODE,
with constant coefficients.



Harmonic oscillator

* |t IS easy to show that any function in the form:
x(t) = Asin(wt + ¢)
IS a solution of such equation. In fact:

dr(t)
e Aw cos(wt + ¢)
2
d;gt) = —Aw? sin(wt + ¢) = —w?x(t)

* This represents an oscillation with amplitude
A, frequency w and phase ¢.



Harmonic oscillator

* Representation of the solution for the harmonic
oscillator.




Harmonic oscillator

* The values of A and ¢ depend on the initial

conditions:
x(t=0) =x9 = Asin(¢)
dx

- = vy = Aw cos(¢)

t=0

* By adding hand by hand the squares of the two
equations or by dividing them, we get:

_ 2 Yo 2. _ %
A—\/mo.(w), gb—arctan(vo)




Harmonic oscillator

 How do we proceed numerically? The original
eguation can be re-written as:
dx(t)
dt

do(t)
i x(t)

= v(t)

with the Initial conditions:
x(t =0) = xo; v(t = 0) = v

* \WWe can now apply one of the scheme we
studied, for instance Forward Euler:



Harmonic oscillator

* Fixed a total interval [0,T,,,] and subdividing into
Intervals of width A4:

Ln+l — Ln
p— ’Un
h
Un+1 — Up
h

e This can be written In the form:
Tptl = Tp T hvn

Untl = Up — hw?x,,



Harmonic oscillator

» Unfortunately, a simple description like this does
not work! The reason is that if we study the
stability of such a scheme, we discover that it is

unstable for any value we choose for 4!

» Before showing this, we need to express the Von
Neumann’s stability criterion for a system of
equations:

Given a system of k linear ODEs and a one-step

scheme applied to each equation of the system,
the scheme is stable if the spectral radius of the
matrix:



Harmonic oscillator

[ un) [ o)

Y2 Y2
Y3 — A(h) Y3
\ ¥/ s \ /),

called Amplification matrix, Is lesser than 1!

* The spectral radius Is the maximum eigenvalue
(in module) of the matrix A(h).

* This can be easily applied to the simple system
for the harmonic oscillator.



Harmonic oscillator

« The scheme can be written in matrix form as:
T+l \ 1 h Ty \ Tn
(ot )= (e ©) () a0 ()
* We have now to find the eigenvalues of A(h):

det|A—\[| =0 =

1 — )\ h
—hw? 11—\

= (1-X?4+hrw*=0 =
A =2\ + (1 4+ h%w?) =0

- -0 -




Harmonic oscillator

e The solutions are:

B 2+ \/4—4(1+h2w2)
N 2

)\ :1::ihw

 The modulus of this complex number Is:
A = V1 + h2w?

which can never be lesser than 1, that is the
scheme is never stable, whatever value of &
we choose!




Harmonic oscillator

* The Interesting thing Is that we obtain the same
result, that is a scheme always unstable, even
If we use two Backward Euler schemes for
both equations:

Ln+1 — Tn —
— Un+1
h
Un+1 — Up 9
h — —W Tnt1

that iIs:

LIn+1 — Ln hvn—|—1

2
Unt1 = Up — hw Tpn 41



Harmonic oscillator

 This can be transformed as:
X+ hoy
Intl = 1 + h2w?
vy, — hw?x,,
1 + h2w?

Un+1 —

the amplification matrix reads:

am=( e ") e

—,UhWQ L 14+ h2w2

which has always eigenvalues with modulus
greater than 1.



Harmonic oscillator

 The same holds when we treat both equations
with a second order Runge-Kutta scheme:

. h
T, = Tp T+ <Un
2
*x h 2

Tpi1 = Tp + hv,

VUpa1 = Up — thx;‘fL

that is again always unstable...



Harmonic oscillator

* |t turns out that the solution of the problem,
namely a stable scheme, Is given by considering
one equation with the Forward Euler scheme
and another with Backward Euler.

* For instance, by using FE for the first equation
and BE for the second.:

Tpil = Tp T hvn
2
Unt1 = Up — hw Tp 41

* This scheme Is said symplectic (from Greek,
“composed of different parts”).



Harmonic oscillator

e The scheme can be re-written as:
Tpyl = Tp T hvn

Unt1 = Un (1 — h2w?) — hw?x,

* The amplification matrix Is:

1 h
A(h) — ( “heo? 1 — h202 )

* The characteristic polynomial is:
(1 =A)(1 = h%w? = A) +h%w? =0



Harmonic oscillator

e |t can be re-written as:
A+ AR%w? —2)+1=0

whose solution Is:

2,,2
)\Zl—h; ::hg\/hzuﬂ—ll

* \We distinguish two cases:
1) Real values for lambda: hr?w® >4 = hw >2;
2) Complex conjugates root: h*w? <4 = hw <2.



Harmonic oscillator

* |n the first case we get:

(1 hlw? | h“\/h2w2 “4<1

AN <1 = 2
“_ —1<1——2 :_h—w\/h2w2—4

* Both equations bring to the inequality:
Vh2w?2 — 4 < hw
which is always satisfied!

* In the second case, we get complex conjugate

solutions in the form:
2, .2
Azl—h; + @h“’m h2w?




Harmonic oscillator

e |n this case we have to consider the modulus of
A

2, ,2\ 2 2, .2
A <1 = \/(1_h2w> Ihf(4—h2w2)§1

that Is always satisfied again, because all the
terms inside the square root cancel out, except
one, which gives: v1<1

* This means that the scheme is unconditionally
stable. The same holds if we take FE for the
second equation and BE for the first!



Higher order schemes

* \WWe have seen the second order Runge-Kutta
scheme, that can be written as:

. h
Yn = Yn T §F(ynatn)

Y1 = Yn + hE (Yl 15)
* |t Is possible to enhance the precision of the
scheme by considering further refinements of
the RHS of the equation.

A scheme often used is the fourth-order,
Runge-Kutta scheme:



Higher order schemes

e Letus call: y,© =y,, the scheme is:

h
) =4O 4 o F (49, t,)
b )
y2) = y(0) > F (i, %)

y B3 =y O L AP y@, 1)

h «

+2 [Fu0, )+ Fu® )| |

where, as usual: ¢* =¢, + g



Higher order schemes

* The precision of the scheme is not easy to
verify in the general case, however we can
show how the scheme can be applied to the
simple equation: dy i

a7
and we can easily verify In this particular case
that it Is Indeed a fourth-order scheme.

e |n this case, vxe have:
gD = @ 4 ° kym)

4@ — O hkyu) O f;’f <y<o> N hkym))



Higher order schemes

hk h?k?

vl =yl + ol +
21.2 31.3
y® = y© + Ry = g + hky® + Zk uy) + %yé‘”

h
yn1 =y + 2 { Ryl + ky® + 2kyD + 26y P b =

hk hk hk hk
=y + U e S S =

6 3 3
o | hk hk

=y + )+ (yff” + %y£0)> +

hk hk h2 k>
e (0 4 W (o)
+3<yn+2yn+4>+

21.2 31.3
+ % (yﬁ?) + hky® + Qk vy + %yff))




Higher order schemes

* Finally, by re-arranging the terms, we have:

h2k? B3k Rk
=y (1 | | |
Yn+1 = Yp ( + hk 5 ; 24>

* \We can notice that the exact solution Is given
by:
y(tn) — yOekt —

L kt,, . kt,+kh __ kt, kh kh
Y(tnr1) = yoe™' "t = ype =

Yo€ € = Ynt



Higher order schemes

* The Taylor’'s development of the function ex

about x=0, Is:
d X
et = eV 4 ac

dx

(- 0)°

ey 2!

(x—0)*
4]

d?e”

— 0
:13:0(56 ) dx?
(x —0)*  d*e”
P - dax?

v oz’ xt

=1+z4+ 5 +—+—+0(@
Tt oW

_|_

d3e”
dx3

- O(z°)

x x=0

which corresponds to the previous formula for
x=kh.



Higher order schemes

* This shows that the scheme represents a fourth
order approximation of the exact solution!

 Runge-Kutta scheme can be constructed with,
In principle, any wanted precision. Of course
one must keep into account that more precise
schemes require an equal amount of
evaluations of the RHS of the equation, that
implies longer computational times!

* There Is a whole “zoology” of numerical
schemes, often with very little differences
among them. Just some of them:



Other One-step schemes

e Crank-Nicolson scheme:

h
Yn+1 = Yn T 5 [F(ynatn) T F(yn+1atn+1)]

this is a second-order, implicit scheme, rather
stable a in a variety of circumstances.

e Heun’s scheme:
:ljn—l—l = Yn T F(yna tn)

h -
Yn+1 = Yn T 9 [F(ynatn) T F(yn+1atn+1)]

that Is a second-order, explicit scheme, a
slight variant of the Crank-Nicolson scheme.



Some multi-step schemes

* L_eap-Frog scheme:
Yn+1 = Yn—1 + 2hE (Yn, ty)
this is a second-order, explicit scheme.
« Adams-Bashforth scheme:
Ynt1 = Yn—1 + 2 [BF (Yn,tn) — F(Yn—1,tn—1)]
that Is a second-order, explicit scheme.
 And many more...



	Slide 1
	Slide 2
	Slide 3
	Slide 4
	Slide 5
	Slide 6
	Slide 7
	Slide 8
	Slide 9
	Slide 10
	Slide 11
	Slide 12
	Slide 13
	Slide 14
	Slide 15
	Slide 16
	Slide 17
	Slide 18
	Slide 19
	Slide 20
	Slide 21
	Slide 22
	Slide 23
	Slide 24
	Slide 25
	Slide 26
	Slide 27
	Slide 28
	Slide 29
	Slide 30
	Slide 31
	Slide 32
	Slide 33
	Slide 34
	Slide 35
	Slide 36
	Slide 37
	Slide 38
	Slide 39
	Slide 40
	Slide 41
	Slide 42
	Slide 43
	Slide 44
	Slide 45
	Slide 46
	Slide 47
	Slide 48
	Slide 49
	Slide 50
	Slide 51
	Slide 52
	Slide 53
	Slide 54
	Slide 55
	Slide 56
	Slide 57
	Slide 58
	Slide 59
	Slide 60
	Slide 61
	Slide 62
	Slide 63
	Slide 64
	Slide 65
	Slide 66
	Slide 67
	Slide 68
	Slide 69
	Slide 70
	Slide 71
	Slide 72
	Slide 73
	Slide 74
	Slide 75
	Slide 76
	Slide 77
	Slide 78
	Slide 79
	Slide 80
	Slide 81
	Slide 82
	Slide 83
	Slide 84
	Slide 85
	Slide 86
	Slide 87
	Slide 88
	Slide 89
	Slide 90
	Slide 91
	Slide 92
	Slide 93
	Slide 94
	Slide 95
	Slide 96
	Slide 97
	Slide 98

