Integrals

e Problem:

given a continuous function f{x) over an interval
[a,b], find its definite integral:

I— /  F(@)de

* The value of I 1s NOT possible to be computed
every time, it depends on the function f{x).
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Integrals

 There are two possible distinct cases:

> The function f{x) is known, so its values can be
calculated for each x;

> The function f{x) iIs unknown, but its values are
known at some grid-points x; (for instance, one has a

set of tabulated values coming from some
experiment)

* |If we know how to solve the second case, we
can always solve the first one, since we can

always choose some points in [a,b] which are
representative of the function’s behavior.



Integrals

 Geometrically, the computation of /' Is
equivalent to assess the area below the curve
representing f{x)
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Integrals

 When we know the values of the function f{x)
on n+1 discrete points x; (not necessarily

equidistant one from the other!) we could think
of approximating the function with a polynomial

of degree equal to n, passing from the same
values f{x;):

b
flx) ~1I,(z) = I:/ IL,(z)dx

where: f(z;) =I,(xz;) Vj=0,...,n



Integrals

* The philosophy is that we always know how to
iIntegrate a polynomial function of any degree,
therefore if we found an approximation of the
values with a polynomial we would solve the

problem:
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Integrals

e For instance, In the previous case (n=8), we
have:

s(x) = ag + a1 + asx® + ... + avz’ + agz®

where the nine coefficients a; are such that:
g(z:) = f(=i)
and then: , b
I = /a f(x)dx ~ /a [g(x)dxr =

b
{ 72 x5 28 9

a0x+a1?+a2§+...a7§—l—a8§

a



Integrals

» Unfortunately, this technique only works for
small values of n. As soon as n increases, the
polynomial approximation starts to show strong
oscillations in between subsequent points x;, and

the evaluation of the integral is wrong!

 However, we can argue that, instead of
searching a unigue polynomial approximation
for the whole set of n+1 points xi, we can search
different low-degree polynomials for each

subinterval [x;,x,,,], or couples or triplets, etc., of
subintervals.



Integrals

* |Instead of a 8-degree polynomial on 8 intervals:




Integrals

* \We can use a 1-degree polynomial on 1
interval.

0 Xg X1 Xp X3 X4 Xg Xg X7 Xg X



Integrals

 Or a 2-degree polynomial on 2 adjacent
Intervals:

0 Xg X1 Xp X3 X4 Xg Xg X7 Xg X

and so on...



Trapezoidal rule

» Let’s study the first case: a first-degree
polynomial in each subinterval [x,x,, ]
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Trapezoidal rule

* The equation of the polynomial (straight line)
passing through f(x,) and f{(x,, ;) IS:

Li4+1 — Lj

(x — x;)

« By letting: A, = x,.,-x; one has:

Tit1
Iigiwig] ™ / I (x)dx =




Trapezoidal rule

I[CB¢,CB7;_|_1] =~ f(x’b)h’?, _l_

= f(xi)hi +
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which Is actually the area of the trapezium
having f(x,,;) and f{x;) as major and minor

bases, respectively and height equal to 4!



Trapezoidal rule

 Then we get the approximation for the integral 1

by adding up all the contributions of the single
trapeziums:

7 nz_:l f(ﬂiz'+1)2+ f(x;) h
i=0

o |f all the subintervals have the same width: /.=h,
we get:

A n—1

I= 5 3 (f @) + fa) = 5 {1FG@o) + flan)]+

+ [f(x1) + f(z2)] + ..o+ [f(n—2) + f(@n-1)] + [f(®Tn-1) + f(zn)]}



Trapezoidal rule

« Except for the terms f(x,) and f{x,), all the others
are added two times, that is:

which is the so-called “trapezoidal rule™

The approximation of the integral is obtained as the
average of the values of the function at the first and last
point plus the sum of the values on all internal points.



Error for the trapezoidal rule

* |t IS Important to assess the error that we
commit when we use the trapezoidal rule, at
least as a magnitude order:

£ =11

e Of course, we cannot evaluate I in a exact way
(otherwise we knew the solution of the problem)
but we can use the Taylor’'s expansion to have
an idea of how It depends on A:

df| % &f

fle+h)=fz)+h—— + o5 =5

h3 d3f
3! dx3

+ ...
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Error for the trapezoidal rule

* We start by evaluating the error on the single
subinterval [x;,x;, ]

B (trap)
— I[xi,iﬂi—l—l] o I[jS,aiﬁ-l]

&l

5137;,£IJ¢+1]

(x — ;)

lowin = [ S@de = [ g+ @ - o)+ @) T

+ " (x;) (@ _3'%) + [V () (@ _4'%) + O[(z — xi)ﬂ} dw

« By changing the variable: x-x;, = z; dx = dz,

3 4

h 2
I[xi,:vi+1] :/O {f(ajz) —+ f’(azi)z—k f”(CUz)% + f///(xi)% + fIV(xz)%

5

h? h3 h4 h

+ 0[24]} dz =



Error for the trapezoidal rule

 On the other hand, we have:
I(trap) - f(x’b) + f(x’H—l) Ch =

[xiaxi—i—l] 2

h / 1" h2 " hg v h4 4
:§{f(xi>+f(37i)+f(xi)h+f (%)ﬁﬂLf (%)gﬂLf (xi)IﬂLO[h]} =
h4 1"

h2 / h3 1" h5 A% 5
= hf(z;) + ot () + o (@) + 5 F 7 () + =’ (z;) + O[h”]

* By subtracting the two formulas:

_ (trap)  _
g[a;z-,a:z‘+1] T [[$17$i+1] B [[wi,ﬂz;+1] -
11 11 1 1
_p3eia N2 2 demn N | V() | — — — %) =
= h” f7 () [6 4] + A7 () [24 12] TR () [120 48] +OW)
1 1

= Moo N "1 ._i IV .
— 12h3f (2;) 24h4f (z;) 80h5f (z;) + O(h°)



Error for the trapezoidal rule

e Supposing that 42 << 1, the dominant term in the

error ISs: |

g[ici,fBHl] = —1—2h3f//((13@)

* The global error on the whole [a,b] interval is
found by adding all the errors on each
subinterval:



Error for the trapezoidal rule

« By definition, the average of n quantities f{x,),

fx), oo fix,) 1S

that Is, previous formula becomes:

1 3. £11
E ~ 12hnf




Error for the trapezoidal rule

* We finally obtain:

1 2 /1
£ —h*(b—a)f

that is, the leading global error for the
trapezoidal rule is proportional to A2!

* |n the same manner, one can show that the
total global error is given by:

__iZ . //_i?) . 7//_i
E = 12h(b a)f 24h (b—a)f %0

Wb —a)fIV + O(hY)



Cavalieri-Simpson’s rule

* |s it possible to decrease the error? One could
try to improve the situation by approximating
the function with a second order polynomial on
two consecutive intervals:

Y4
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Cavalieri-Simpson’s rule

* |In this case, since we have to consider couples
of intervals, the total number » of intervals has
to be even!




Cavalieri-Simpson’s rule

* The equation of the second order polynomial
passing through f(x.,), f(x;) and f(x,,,) IS:
Iy (x) = az® + bx + ¢

where the coefficients are still to be determined!

« By letting: 4 = x,.,-x; = x;-x,, one has:

Ti41 xi+h
I[ﬂfi—l,xi—i—l] = / [Ir(x)dz = /-—h (CLZIJ2 + bz + ¢)dx =

+h
ax’ b2 it
Cx

b
(2h° + 627 h) + > 4wih + 2ch
:Uf,;—h

CJOIQ



Cavalieri-Simpson’s rule

 Now we have to determine a, b and ¢ by
Imposing that the polynomials passes through
the same points as the Initial function f{x):

y(xi—1) = a(x; — h)* +b(z; —h) +c=
= ax; — 2ahx; +ah® 4+ bx; —bh +c= f(xi_1)
My(z;) = ax; + bx; + ¢ = f(x;)
o(zir1) = alx; + h)? +b(x; +h) +c =
= ax? + 2ahx; + ah® + bx; + bh +c = f(zip1)



Cavalieri-Simpson’s rule

 |If we add up the 1st and 3 equations and
subtract the 24 one multiplied by 2:

f(@iv1) + f(zi1) — 2f (i) = 2ah° =

f@ipr) + f(wioy) —2f(xs) Do

:> —
‘ N2 2

where we let: D, = Flzio) + Flxim1) — 2f (i)

h2

* In same way, If we subtract the 1st equation
from the 3 one:



Cavalieri-Simpson’s rule

f(il?i_|_1) — f(:l?i_l) = 4ahx; + 2bh =
f(@iv1) — f@i1)

o = b= 57 — 2ax;
* Agalin, Iif we let:
~ f@iga) = f@i-a)
D1 = 2h
we get: b= D1 —x; Do
* Finally, from the 2nd equation:
e = flas) — ax} — bw; = f(r:) — 23 2 —wiDy + 27Dy =

1
= f(x;) —x; D1 + 5513@2172



Cavalieri-Simpson’s rule

* By substituting these quantities in the
approximation for the integral:
~ 2 (2h3 + 6x§h) + g4xih + 2ch =

Ti—1,Tit1] —

I

1D
=3 22 (2h3 + 622h) + 2hx; (D1 — x;Ds) +
1
+ 2h (f(l“z) —x; D1 + 55’3?132) =
h

= 3 [f(@iv) + 4 (@) + f(zi)]



Cavalieri-Simpson’s rule

* |n order to obtain the value of the integral | we
have to sum all contribution for each couple of
subintervals:

I'= iz0,25) T ljzo,zg) T ljwgwe) Tz _5,2,) =

= 2 [F o) + 4f(ea) + f@)] + 5 [F(w2) +4f(ws) + flaa)] +

3
F(@a) + 4f (@5) + F@6)] ot o [f(@nn) + 4 (Enn) + Flan)] =

" 3

w|

w| S

F(o) + f(n) +2 Z Fzi) + 4 Z P

1 even 7 odd




Cavalieri-Simpson’s rule

* This Is the final form of the Cavalieri-Simpson’s
rule:

The value of the integral is given by one third of h
multiplied by the sum of the first and last value of the
function plus 2 times the sum of all the values of the
function on the even internal points, plus 4 times the

sum of all the values of the function on the odd
internal points.



Cavalieri-Simpson’s rule

* With an approach similar to that used for the
trapezoidal rule, it is possible to show that the
leading term of the error, for the Cavalieri-
Simpson’s rule is given by:

* Finally, by adding up all the errors on the
couples of subintervals, we get, by

remembering that n = (b-a)/h, the global error:
£ x h?
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